Fixed finite subgraph theorems in infinite weakly modular graphs  by Polat, Norbert
Discrete Mathematics 285 (2004) 239–256
www.elsevier.com/locate/disc
Fixed  nite subgraph theorems in in nite weakly
modular graphs
Norbert Polat
I.A.E., Universite Jean Moulin-Lyon 3, 6, cours Albert Thomas—B.P. 8242, 69355 Lyon Cedex 08, France
Received 16 September 2002; accepted 12 February 2004
Abstract
We prove di/erent  xed subgraph properties for some in nite weakly modular graphs. In particular we prove that every
self-contraction (map which preserves or collapses the edges) of a weakly median graph G  xes a non-empty  nite regular
weakly median subgraph of G if and only if G is connected and contains no in nite simplices and no isometric rays.
We also prove some  xed  nite simplex theorems for other weakly modular graphs such as Helly graphs, chordal graphs
and bridged graphs.
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1. Introduction
If a graph G has the Fixed Finite Subgraph Property, i.e., if each endomorphism of G strictly stabilizes a non-empty
 nite subgraph, then G contains no isometric rays and no in nite simplices. Moreover, if we impose on each invariant
 nite subgraph to be connected, then G must be connected too. It is then quite natural to ask if these conditions are also
su<cient, and since, as we will easily see, they are generally not so, to investigate some classes of graphs for which they
are su<cient, and moreover to  nd some general su<cient conditions.
This is what we mainly do in this paper, so continuing a study of the Fixed Finite Subgraph Property that we have
undertaken earlier (see [14,15,19,20,23,25]). We  rst give a general su<cient condition which is related to the character-
ization of graphs that contain no isometric rays. This condition is then used in the following sections which deal with
weakly modular graphs. Making use of some very recent results of Bandelt and Chepoi [1] about  nite weakly median
graphs we prove in Section 5 a  xed  nite regular weakly median subgraph theorem for in nite weakly median graphs.
In the last section we investigate some classes of graphs which have the Fixed Finite Simplex Property, such as those of
Helly graphs, of chordal graphs and of bridged graphs. For all these di/erent classes of graphs we also proved some theo-
rems about  nite particular subgraphs which are strictly invariant under every members of some family of endomorphisms
and especially under all automorphisms.
2. Preliminaries
The graphs we consider are undirected, without loops and multiple edges. A complete graph will be simply called a
simplex. If x∈V (G), the set NG(x) := {y∈V (G) : {x; y}∈E(G)} is the neighborhood of x in G. For A⊆V (G) we
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denote by G[A] the subgraph of G induced by A, and we set G − A := G[V (G)− A]. The component of G containing a
vertex x is denoted by CG(x).
A path P= 〈x0; : : : ; xn〉 is a graph with V (P) = {x0; : : : ; xn}, xi 	= xj if i 	= j, and E(P) = {{xi; xi+1} : 06 i ¡ n}. A ray
or one-way in8nite path 〈x0; x1; : : :〉 and a double ray or two-way in8nite path 〈: : : ; x−1; x0; x1; : : :〉 are de ned similarly.
A path P = 〈x0; : : : ; xn〉 is called an (x0; xn)-path, x0 and xn are its endvertices, while the other vertices are called its
internal vertices, n= |E(P)| is the length of P.
The usual distance in a connected graph G between two vertices x and y, that is the length of an (x; y)-geodesic (i.e.,
shortest (x; y)-path) in G, is denoted by dG(x; y). A subgraph H of G is isometric in G if dH (x; y) = dG(x; y) for all
vertices x and y of H . Let A be a subset of V (G). The diameter in G of A is diamG(A) := sup{distG(x; y) : x; y∈A},
and the diameter of G is diam(G) := diamG(V (G)). The set A is bounded in G if its diameter in G is  nite, and the
graph G is bounded if its diameter is  nite. If x is a vertex of G and r a non-negative integer, the set BG(x; r) :=
{y∈V (G) :dG(x; y)6 r} is the ball of center x and radius r in G.
The interval IG(x; y) of two vertices x and y of a graph G is the set of vertices of all (x; y)-geodesics in G. We will
say that a graph is interval-8nite if all its interval are  nite. A set A of vertices of a graph G is geodesically convex, for
short convex, if it contains the interval IG(x; y) for all x; y∈A. The convex hull coG(A) of a set A of vertices of a graph
G is the smallest convex set of G containing A.
3. General results
If G and H are two graphs, a map f :V (G) → V (H) is a contraction if f preserves or contracts the edges, i.e., if
f(x) = f(y) or {f(x); f(y)}∈E(H) whenever {x; y}∈E(G). A contraction f of G onto an induced subgraph H of G
is a retraction, and H is a retract of G, if the restriction of f to H is the identity.
A self-contraction f of G stabilizes (resp. strictly stabilizes or 8xes) a subgraph H of G, or H is invariant (resp.
strictly invariant or 8xed) under f, if f(H)⊆H (resp. f(H) = H). A subset A of V (G) is invariant (resp. strictly
invariant) under a self-contraction f if the subgraph G[A] is so. Note that if a self-contraction f stabilizes a  nite set A
of vertices, then clearly f strictly stabilizes a  nite subset of A.
3.1. Fixed Finite Subgraph Property
Proposition 3.1. If every self-contraction of a connected graph G stabilizes a non-empty 8nite set of vertices of G
(Fixed Finite Subgraph Property), then this graph contains no isometric rays and no in8nite simplices.
Proof. (a) Suppose that G contains an isometric ray R = 〈x0; x1; : : :〉. By [13, Theorem 2], there exists a retraction f of
G onto R. Denote by g the self-contraction of R such that g(xn) := xn+1. Then g ◦ f is a self-contraction of G which
stabilizes no non-empty  nite set of vertices.
(b) Suppose that G contains a countably in nite simplex S. Then S is clearly a retract of G. Let f be a retraction of G
onto S. Let (xn)n∈N be an enumeration of the vertices of S, and let g be the self-contraction of S such that g(xn) = xn+1.
Then g ◦ f is a self-contraction of G which stabilizes no non-empty  nite set of vertices.
The absence of isometric rays and of in nite simplices which are necessary conditions for the Fixed Finite Subgraph
Property are not su<cient as is shown by the following example. Let K be a countably in nite simplex whose set of
vertices is V (K) = {xn : n∈N}, and let G be the subdivision of K obtained by replacing each path 〈xn; xp〉 by a path
〈xn; xnp; xp〉 of length 2. Then the self-map f of V (G) such that f(xn) = xn+1 and f(xnp) = xn+1;p+1 is a self-contraction
of G which stabilizes no non-empty  nite set of vertices.
We will now prove a result, a consequence of which is that the absence of isometric rays and of subdivisions of an
in nite simplex is a su<cient condition for the Fixed Finite Subgraph Property. To do this we will have to recall several
de nitions and results about rays.
Let G be a graph. For A; B⊆V (G), an (A; B)-path of G is an (x; y)-path P of G such that V (P) ∩ A = {x} and
V (P)∩B= {y}. For x∈V (G) and A⊆V (G), an (x; A)-linkage of G is a set of ({x}; A)-paths of G which have pairwise
only x in common. If there exists an in nite (x; A)-linkage in G, then we say that x and A are in8nitely linked in G.
By Menger Theorem, if x 	∈ A, then x and A are in nitely linked in G if and only if there exists no  nite subset of
V (G)− {x} that meets every ({x}; A)-path of G.
We recall that the ends of a graph G are the classes of the equivalence relation de ned on the set of all rays of G as
follows: two rays R and R′ are said to be end-equivalent if and only if there is a ray R′′ whose intersections with R and
R′ are in nite. For an end  of G and a  nite S ⊆V (G) we denote by CG−S() the unique component of G − S which
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contains an element of . A vertex x of G is said to dominate an end  of G if x is in nitely linked to the vertex set of
some (hence every) ray belonging to .
Lemma 3.2 (Polat [19, Lemma 3.7]). Each end of a graph G is dominated by at most 8nitely many vertices if and only
if G contains no subdivisions of an in8nite simplex.
An in nite subset S of V (G) is concentrated in G if it has the following equivalent properties (see [16, Theorem 3.3]):
(i) there exists an end  such that, for every  nite F ⊆V (G), there are only  nitely many elements of S which are not
vertices of the unique component of G − F that contains an element of  (S is said to be concentrated in );
(ii) any two in nite subsets of S cannot be separated by removing  nitely many vertices.
For example the vertex set of any ray of a graph G is concentrated in the end of G containing R. Note that any in nite
subset of a concentrated set is also concentrated. Furthermore, if a set S is concentrated in an end , then any vertex that
dominates  is in nitely linked to S.
A vertex x of a graph G geodesically dominates (geo-dominates for short) a subset A of V (G) if, for every  nite
S ⊆V (G − x), there exists an a∈ (A− {x}) ∩ V (CG(x)) such that S ∩ IG(x; a) = ∅.
Lemma 3.3 (Polat [18, Theorem 3.9]). Let G be a graph. The following assertions are equivalent:
(i) G contains no isometric rays.
(ii) The vertex set of every ray of G is geo-dominated.
(iii) Every concentrated set of G is geo-dominated.
We will say that a set A of vertices of a graph G is 8nitely geo-dominated if the set of vertices which geo-dominate A
is  nite and non-empty. We will also say that a ray is ( nitely) geo-dominated if its vertex set is ( nitely) geo-dominated.
Lemma 3.4 (Polat [21, Lemma 2.2]). If f is a self-contraction of a graph G which stabilizes no non-empty 8nite set
of vertices, then there exists a unique end of G, called the direction of f and denoted by (f), such that, for every
x∈V (G), the set {fn(x) : n∈N} is concentrated in (f).
Lemma 3.5 (Polat [21, Theorem 2.1]). Let f be a self-contraction of a connected graph G which stabilizes no non-empty
8nite set of vertices. Then there exists a ray R∈ (f) which is f-periodic, that is, for some n¿ 1, fn(R)⊆R and the
restriction of fn to V (R) is injective.
Theorem 3.6. Every self-contraction of a connected graph G whose rays are all 8nitely geo-dominated strictly stabilizes
a non-empty 8nite set of vertices of G.
Proof. Let G be a connected graph whose rays are all  nitely geo-dominated, and let f be a self-contraction of G.
Assume that f does not stabilize a non-empty  nite set of vertices, and let (f) be the direction of f. By Lemma 3.5,
(f) contains an f-periodic ray R. By the properties of G the set D of all vertices of G which geo-dominates V (R) is
non-empty and  nite. By the properties of f and R, there is some n¿ 0 such that fn(D) ∩ D = ∅ and fn(R)⊆R. Put
g := fn. Without loss of generality we can then suppose that D ∩ V (R) = ∅.
We claim that there exist y∈D, x∈V (R) and in nitely many positive integers p such that
dG(y; g
p(x)) = dG(D; g
p(x))6dG(D; g
p+1(x)):
Suppose that this is not true. Let x∈V (R). Then, for every y∈D, the set Py := {p∈N :dG(y; gp(x))=dG(D; gp(x))6
dG(D; gp+1(x))} is  nite. For every y∈D denote by py the greatest element of Py, and let pD := maxy∈Dpy. Then
dG(D; gp+1(x))¡dG(D; gp(x)) for all p¿pD. It follows that gp(x)∈D for some p¿pD, contrary to the fact that
D ∩ V (R) = ∅. This proves the claim.





which implies that D ∩ IG(g(y); gp+1(x)) = ∅. Therefore there exists an in nite X ⊆V (R) such that D ∩ IG(g(y); x) = ∅
for every x∈X .
We will construct a sequence z0; z1; : : : of vertices of G −D and a sequence X0; X1; : : : of in nite subsets of V (R) such
that Xi+1⊆Xi and zi+1 ∈ IG(zi; x) for all x∈Xi+1. Put z0 := g(y) and X0 := X . Suppose that z0; : : : ; zi and X0; : : : ; Xi have
already been constructed for some i¿ 0. Since, by the induction hypothesis, zj+1 ∈ IG(zj; x) for all x∈Xj+1 and 06 j¡ i,
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it follows that zi ∈ IG(z0; x) for every x∈Xi ⊆X0. Hence D∩ IG(zi; x) = ∅ for every x∈Xi. Furthermore, since zi 	∈ D, and
thus zi does not geo-dominate V (R), it follows that there is a  nite S ⊆V (G − D) such that S ∩ IG(zi; x) 	= ∅ for every
x∈Xi. Then, by the  niteness of S, there exist a vertex zi+1 ∈ S and an in nite subset Xi+1 of Xi such that zi+1 ∈ IG(zi; x)
for every x∈Xi+1.
For every i∈N, let Pi be a (zi; zi+1)-geodesic. Then ⋃i∈N Pi is an isometric ray of G, contrary to the hypothesis on G
and Lemma 3.3. Consequently f stabilizes a non-empty  nite set of vertices.
Lemma 3.7. Let G be a connected graph containing no isometric rays and no subdivisions of an in8nite simplex. Then
each ray of G is 8nitely geo-dominated.
Proof. By Lemma 3.3 each ray R of G is geo-dominated since G contains no isometric rays. Moreover, because each
vertex which geo-dominates R obviously dominates the end which contains R, and because G contains no subdivisions of
an in nite simplex, it follows by Lemma 3.2 that R is  nitely dominated.
From Theorem 3.6 and Lemma 3.7 it follows immediately:
Proposition 3.8. Every self-contraction of a connected graph G containing no isometric rays and no subdivisions of an
in8nite simplex strictly stabilizes a non-empty 8nite set of vertices of G.
Theorem 3.6 generalizes Corollary 2.4 of [14] where we considered rayless connected graphs. The absence of isometric
rays and of subdivisions of an in nite simplex is not a necessary condition for the Fixed Finite Subgraph Property. Take
the graph G which was introduced in the above example, and let H be the graph obtained from G by adding a new vertex
u and by joining it to all vertices of G. Then every self-contraction of H  xes a vertex or an edge of H . In fact each
ray of this graph is in nitely dominated, but it is only geo-dominated by the vertex u. Hence the Fixed Finite Subgraph
Property for H is implied by Theorem 3.6. However the condition that each ray is  nitely geo-dominated is itself not a
necessary condition for the Fixed Finite Subgraph Property as is shown by the following example. Let R= 〈x0; x1; : : :〉 be
a ray and let (an)n∈N be a family of pairwise distinct vertices which do not belong to V (R). For all n; p∈N let Pn;p be
an (an; xp)-path of length 2 such that Pn;p ∩ Pm;q is equal to 〈an〉 if n = m and p 	= q, to 〈xp〉 if n 	= m and p = q and
to ∅ if n 	= m and p 	= q. Finally let u be a new vertex, and let G := R ∪⋃n;p∈N Pn;p ∪
⋃
n∈N〈u; xn〉. Then every ray of
G is in nitely geo-dominated because, for every n∈N, an geo-dominates the set {xn : n∈N} and xn geo-dominates the
set {an : n∈N}. Moreover u is the only vertex which geo-dominates {xn : n∈N} and which is adjacent to all vertices in
this set. Therefore u is clearly  xed under every self-contraction of G.
We will complete this subsection with a simple general result which will be useful in the following sections.
Lemma 3.9. If every self-contraction of a graph G stabilizes a non-empty bounded set of vertices of G, then G is
connected.
Proof. Suppose that G is not connected. Denote by ' the set of components of G, and for each H ∈' let xH be one of
its vertices. Let f be the self-contraction of G that contracts each component H onto xH , and let g be any  xed point-free
permutation of the set {xH :H ∈'}. Then g ◦ f is a self-contraction of G which stabilizes no non-empty bounded set of
vertices.
3.2. Invariance under families of self-contractions
By noting that a graph which contains no subdivisions of an ℵ0-regular tree clearly contains no subdivisions of an
in nite simplex and by using Proposition 3.8 instead of [19, Theorem 3.9] we will now give a stronger version of [19,
Theorem 3.13]. Before we will recall three results of this paper that we will need.
Lemma 3.10 (Polat [19, Theorem 3.12]). Let G be a connected interval-8nite graph which contains no subdivisions of
an ℵ0-regular tree and whose ends are all dominated. Then there exists a non-empty 8nite connected subgraph of G
which is strictly invariant under every injective self-contraction of G.
We will use the following notations: for a self-contraction f of a graph G, x∈V (G) and A⊆V (G) we set
[x]f := {fn(x) : n∈N}
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and
Af := {x∈A : [x]f ⊆A and fn(x) = x for some n¿ 0}:
Lemma 3.11 (Polat [19, Lemma 3.10]). Let G be a connected interval-8nite graph, A a non-empty subset of V (G) such
that G[A] is an isometric subgraph of G, and f a self-contraction of G which stabilizes A. Then G[Af] is an isometric
subgraph of G.
Lemma 3.12 (Polat [19, Lemma 3.15]). Let G be a connected graph containing no isometric rays and no subdivisions
of an ℵ0-regular tree, and let (Ci)i∈I be an in8nite family of subsets of V (G) such that, for any non-empty 8nite J ⊆ I ,
CJ :=
⋂
j∈I Cj is a non-empty set such that G[CJ ] is an isometric subgraph of G. Then
⋂
i∈I Ci 	= ∅.
Lemma 3.13. Let F be a commuting family of self-contractions of a connected interval-8nite graph G containing no
isometric rays and no subdivisions of an ℵ0-regular tree. Then there exists a non-empty isometric subgraph H of G
such that the restriction of every f∈F to V (H) is an automorphism of H .
Proof. For every f∈F, the set Vf, where V stands for V (G), is non-empty by Proposition 3.8, and such that G[Vf] is
an isometric subgraph of G by Lemma 3.11. Therefore G[Vf] is connected, contains no isometric rays and no subdivisions
of an ℵ0-regular tree. If g∈F commutes with f on Vf, and if x∈Vf, then fp(g(x)) = g(fp(x)) = g(x) for any p¿ 0
such that fp(x)=x. Thus g(Vf)⊆Vf. Hence, since G[Vf] is connected and contains no isometric rays and no subdivisions
of an ℵ0-regular tree, then, by Proposition 3.8, it follows that g strictly stabilizes a non-empty  nite subset of Vf.
Therefore Vf ∩ Vg = (Vf)g (=(Vg)f) is non-empty and G[Vf ∩ Vg] is an isometric subgraph of G by Lemma 3.11. Note
that [x]f ∪ [x]g⊆Vf ∩ Vg for every x∈Vf ∩ Vg. Hence the restrictions of f and of g to Vf ∩ Vg are automorphisms of
G[Vf ∩ Vg]. Inductively, for any non-empty  nite H := f1; : : : ; fn⊆F, the set VH :=
⋂
f∈H Vf = (: : : (Vf1 ) : : :)fn is
non-empty and such that G[VH] is an isometric pseudo-modular subgraph of G. Therefore VF :=
⋂
f∈F Vf 	= ∅ by Lemma
3.12. Furthermore, the restriction of every f∈F to VF is an automorphism of G[VF]. Besides, since each G[Vf] is an
isometric subgraph of G which is interval- nite, we conclude that G[VF], being the intersection of all G[Vf]’s, is also an
isometric subgraph of G.
Theorem 3.14. Let G be a connected interval-8nite graph which contains no isometric rays and no subdivisions of an
ℵ0-regular tree. Then, for any commuting family F of self-contractions of G, there exists a non-empty 8nite connected
subgraph of G which is strictly invariant under every element of F.
Proof. By Lemma 3.13 there exists a non-empty isometric subgraph H of G such that the restriction of every f∈F to
V (H) is an automorphism of H . This last condition implies that H contains no isometric rays, and thus that each end
of H is dominated. Consequently, by Lemma 3.10, H contains a non-empty  nite connected subgraph which is strictly
invariant under every element of F.
In the literature almost all results about  nite subgraphs which are  xed by all automorphisms of an in nite graph deal
with graphs which contains at least a vertex of in nite degree. There are practically no results on this subject for in nite
locally  nite graphs. We will complete this section with such a result. For that we will use the concept of order of an
end introduced by Jung [12] and that we will  rst recall.
The order of an end  of G (see [12]) is the ordinal *() de ned as follows:
• *() = 0 if some  nite S ⊆V (G) separates  from ′ for every end ′ 	= .
• *()=+ if there exists a  nite S ⊆V (G) such that *(′)¡+ for every ′ ∈CG−S()−{}, and for every  nite S ⊆V (G)
and every ordinal +′¡+ there is an end ′ ∈CG−S()− {} with *(′) = +′.
An end of order 0 is also said to be a free end. Clearly the order of an end is an invariantly de ned quantity. That is,
if R is a ray belonging to an end of order +, and if f is an automorphism of G, then the end containing f(R) also has
order +.
An end has not necessarily an order, and it is even possible that no end of a graph has an order as it is the case, for
example, for the dyadic tree. Moreover Jung [12, Satz 4] proved that a graph G has an end which has no order if G
contains an end-respecting subdivision of the dyadic tree (i.e., such that two disjoint rays of this tree belongs to di/erent
ends of G).
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Lemma 3.15 (Chastand and Polat [7, Proposition 3.3]). Let G be an in8nite locally 8nite connected graph. Then the
following assertions are equivalent:
(i) G contains at most countably many ends.
(ii) G contains no end-respecting subdivision of the dyadic tree.
(iii) Every end of G has an order and the set of ends of G of maximal order is non-empty and 8nite.
We recall that the thickness of an end  is the cardinal
m() := sup{|R| :R is a set of pairwise disjoint elements of }:
Theorem 3.16. Let G be a connected in8nite locally 8nite graph containing at most countably many ends. Then there
exists a non-empty 8nite set of vertices of G which is strictly invariant under every automorphism of G if G has one
of the following property:
(i) G contains at least three ends of maximal order.
(ii) G has exactly two ends of maximal order and the thicknesses of these ends are di?erent.
Proof. (i) is [17, Theorem 4.4(iii)] for locally  nite graphs.
(ii) Let  and ′ be the only ends of G of maximal order. Suppose that m()¡m(′). For a more detailed study of
what follows, see [7, Section 9]. An (; ′)-double ray is a double ray that is the union of two rays, one from  and the
other from ′. An (; ′)-separator is a subset S of V (G) such that every (; ′)-double ray meets S. Denote by S(G) the
set of all (′; )-separators in G of minimal cardinality r. By Halin [11], r is equal to the maximal number of pairwise
disjoint (; ′)-double rays in G, and thus r6m(). For S; T ∈S(G) we write S4T if CG−S()⊆CG−T (). The relation
4 is an order on S(G). By [7, Proposition 9.4], the poset (S(G);4) is a lattice.
Because the order of an end is an invariantly de ned quantity, it follows that, for any automorphism f of G, a ray R
belongs to  (resp. ′) if and only if f(R) belongs to  (resp. ′). This implies in particular that f is a lattice automorphism
of (S(G);4).
If S(G) is  nite, then
⋃
S(G) is a  nite set of vertices which is strictly invariant under all automorphisms of G. If
S(G) is in nite, then, by Proposition 9.16 and Corollary 9.18 of [7], r = m() and S(G) has a greatest element, say S.
Therefore S is clearly strictly invariant under all automorphisms of G.
4. Weakly modular graphs
We recall that a graph G is weakly modular if it satis es the following two conditions:
Triangle condition: for any three vertices x0; x1; x2 with 1 = dG(x1; x2)¡dG(x0; x1) = dG(x0; x2), there exists a common
neighbor u of x1 and x2 such that dG(x0; u) = dG(x0; x1)− 1.
Quadrangle condition: for any four vertices x0; x1; x2; x3 with dG(x1; x3) = dG(x2; x3) = 1 and dG(x0; x1) = dG(x0; x2) =
dG(x0; x3)− 1, there exists a common neighbor u of x1 and x2 such that dG(x0; u) = dG(x0; x1)− 1.
In this section we will consider the median-like weakly modular graphs. A quasi-median of a triple (u0; u1; u2) of
vertices of a graph G is a triple (x0; x1; x2) of vertices of G such that: {xi; xj}⊆ IG(ui; uj) for all i; j∈{0; 1; 2} with i 	= j
and dG(x0; x1)=dG(x1; x2)=dG(x2; x0)= k where k is minimal with respect to these conditions. This non-negative integer
k is called the size of the quasi median. A quasi median of size 1 is called a pseudo-median, and a quasi-median of size
0 is reduced to a single vertex which is called the median of the triple (u0; u1; u2). Due to the minimality of its size a
quasi-median (x0; x1; x2) form a particular metric triangle of G, which means that IG(xi; xj) ∩ IG(xi; xk) = {xi} for every
triple (i; j; k) of pairwise disjoint elements of {0; 1; 2}. According to Chepoi [8], a graph G is weakly modular if and
only if, for every metric triangle (x0; x1; x2) and every triple (i; j; k) of pairwise disjoint elements of {0; 1; 2}, all vertices
in the interval IG(xj; xk) are at the same distance dG(xi; xj) from xi.
In a weakly modular graph every triple of vertices has a quasi-median. In particular a weakly median graph is a weakly
modular graph in which every triple of vertices has a unique quasi-median, or equivalently a weakly modular graph that
does not contain any two vertices with an unconnected triple of common neighbors. A pseudo-median (resp. median)
is a weakly median graph in which every triple of vertices has a quasi-median of size 0 or 1 (resp. 0). A subgraph H
of a weakly median (resp. pseudo median, median) graph G is called a weakly median subgraph (resp. pseudo-median
subgraph, median subgraph) of G if, for every triple of vertices of H , their quasi-median in G belongs to H .
Other important weakly modular graphs that we will consider are Helly graphs, chordal graphs and bridged graphs. A
graph G is a Helly graph if any ( nite or in nite) family of pairwise non-disjoint balls of G has a non-empty intersection.
A graph G is chordal (resp. bridged) if it contains no induced (resp. isometric) cycles of length greater than 3.
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In this section we will prove several properties of weakly modular graphs that we will need to prove the main results
of the following section.
Lemma 4.1. Let G be a weakly modular graph, and let (a; b; c) be a triple of vertices of G such that {a}= IG(a; b) ∩
IG(a; c) and a 	∈ IG(b; c). Then there exist two vertices b′ ∈NG(a)∩ IG(a; b) and c′ ∈NG(a)∩ IG(a; c) which are adjacent.
Proof. Since a 	∈ IG(b; c), the triple (a; b; c) must have a quasi-median of size k¿ 1 which contains a because {a} =
IG(a; b) ∩ IG(a; c). Then this quasi-median is of the form (a; b′; c′) with b′ ∈ IG(a; b) and c′ ∈ IG(a; c). Because a quasi-
median is a metric triangle, it follows that all vertices in IG(a; c′) are at distance k from b′. Let c′′ ∈NG(a) ∩ IG(a; c′).
By the triangle condition, there is a vertex b′′ ∈NG(a) ∩ NG(c′′) ∩ BG(b′; k − 1). Then b′′ and c′′ have the required
properties.
Several of the following results have already been proved for some particular pseudo-modular graphs (see [20]). The
following result is obvious.
Lemma 4.2. Let G be an interval-8nite graph. Then a vertex x of G geo-dominates a subset A of V (G) if and only if
there exists an in8nite subset B of A such that IG(x; a) ∩ IG(x; b) = {x} for every pair {a; b} of distinct elements of B.
For a subset A of vertices of a graph G, we will denote by MG(A) the set of all vertices belonging to IG(a; b) for every
pair {a; b} of distinct elements of A. We will say that a graph G contains no K1;1;ℵ0 if it contains no subgraph isomorphic
to K1;1;ℵ0 , i.e., no subgraph which is the union of a countably in nite family of triangles having exactly one edge in
common. Moreover we will say that a graph G contains no concentrated K1;1;ℵ0 if it contains no subgraph isomorphic
to K1;1;ℵ0 whose vertex set is concentrated in G.
Lemma 4.3. Let G be a connected interval-8nite weakly modular graph containing no (concentrated) K1;1;ℵ0 . If a vertex
m of G geo-dominates an in8nite (concentrated) subset A of V (G), then for every x∈V (G) there exists a∈A such that
m∈ IG(a; x).
Proof. Let x∈V (G). Since m geo-dominates A, and since G is interval- nite, there exist in nitely many a∈A such that
{m} = IG(m; a) ∩ IG(m; x). Suppose that none of these a is such that m∈ IG(a; x). Then there exists an in nite subset B
of A such that {m} = IG(m; a) ∩ IG(m; b) for every pair {a; b} of distinct elements of B ∪ {x}, and with m 	∈ IG(a; x)
for every a∈B. Hence, by Lemma 4.1, there exist two vertices a′ ∈NG(m) ∩ IG(m; a) and xa ∈NG(m) ∩ IG(m; x) which
are adjacent. Since G is interval- nite, there exists x′ ∈ IG(m; x) such that x′ = xa for every a∈B′ where B′ is an in nite
subset of B. Therefore
⋃
a∈B′ G[{m; a′; x′}] is a K1;1;ℵ0 . If A is concentrated, then B is concentrated too and because
{m}= IG(m; a) ∩ IG(m; b) for every pair {a; b} of distinct elements of B ∪ {x}, it follows that the set ⋃a∈B′{m; a′; x′} is
also concentrated. Therefore in both cases we have a contradiction with the hypothesis.
Lemma 4.4. Let G be a connected interval-8nite weakly modular graph containing no (concentrated) K1;1;ℵ0 , and let
A be an in8nite (concentrated) subset of V (G). Then a vertex m of G geo-dominates A if and only if m∈MG(B) for
some in8nite subset B of A. Furthermore |MG(A)|6 1.
Proof. (a) Suppose that m geo-dominates A. Without loss of generality we can assume, by Lemma 4.2 since G is
interval- nite, that IG(m; a)∩ IG(m; b) = {m} for every pair {a; b} of distinct elements of A. Suppose that m 	∈ MG(B) for
every in nite subset B of A. Then, for every in nite B⊆A, there exist a; b∈B such that a 	= b and m 	∈ IG(a; b). Hence,
by Ramsey’s theorem, A contains an in nite subset B such that m 	∈ IG(a; b) for every pair {a; b} of distinct elements of B.
Let {a; b} be a pair of distinct elements of B. By Lemma 4.1, there exist two vertices a′ ∈NG(m) ∩ IG(m; a) and
b′ ∈NG(m)∩ IG(m; b) which are adjacent. Let a be some element of B. Since G is interval- nite, there exist a′ ∈NG(m)∩
IG(m; a) and an in nite subset C of B− {b} such that, a′ and b′ are adjacent for every c∈C. Then ⋃b∈B G[{m; a′; b′}]
is a K1;1;ℵ0 , which contradicts the properties of G.
The converse is due to the fact that, if m∈ IG(a; b), then obviously IG(m; a) ∩ IG(m; b) = {m}.
(b) Now suppose that m and m′ are two elements of MG(A), by Lemma 4.3, since m∈MG(A), there exists a∈A such
that m∈ IG(m′; a). For the same reasons, since m∈MG(A− {a}), there exists b∈A− {a} such that m∈ IG(m′; b). Hence
m∈ IG(m′; a) ∩ IG(m′; b) = {m′} since m′ ∈MG(A). Therefore m= m′.
In [18] we endowed the vertex set of a graph with a topology, called the geodesic topology where a subset A of V (G)
is closed if and only if every vertex which geo-dominates A belongs to A. In particular we proved that the geodesic space
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V (G) is compact if and only if G contains no isometric rays. Due to the  rst part of Lemma 4.4, the geodesic topology
corresponds, for median graphs, to the topology introduced by Tardif in [30].
Lemma 4.5. Let G be a connected interval-8nite weakly modular graph containing no (concentrated) K1;1;ℵ0 and no
isometric rays. Then, for every in8nite (concentrated) subset A of vertices of G, there exists a vertex x∈A which does
not geo-dominates A− {x}.
In particular, for a connected interval-8nite weakly modular graph G containing no K1;1;ℵ0 , the compactness of the
geodesic space V (G) implies that this space is scattered.
Proof. Suppose that there is an in nite (concentrated) subset A of vertices of G which does not satisfy the conclusion
of the lemma. Then there exists a geodesically closed set A′ which is dense in itself, i.e., that is perfect, and which
contains A (and which is concentrated if A is such). Without loss of generality we will suppose that A = A′. We will
construct a sequence of vertices x0; x1; : : : and a sequence of paths P0; P1; : : : such that, for every n¿ 0, xn ∈A, Pn+1 is
an (xn−1; xn)-geodesic and P0 ∪ · · · ∪ Pn is an (x0; xn)-geodesic.
Let x0 be any element of A, and let P0 := 〈x0〉. Suppose that x0; : : : ; xn and P0; : : : ; Pn have already been constructed.
Since xn geo-dominates A because A is perfect, and since G is interval- nite and contains no (concentrated) K1;1;ℵ0 , by
Lemma 4.3, there exists an xn+1 ∈A − {xn} such that IG(xn; xn+1) ∩ IG(x0; xn) = {xn} and xn ∈ IG(x0; xn+1). Let Pn+1 be
an (xn; xn+1)-geodesic of G. Then P0 ∪ · · · ∪ Pn+1 is an (x0; xn+1)-geodesic as, by the induction hypothesis, P0 ∪ · · · ∪ Pn
is an (x0; xn)-geodesic.
Therefore
⋃
n¿0 Pn is an isometric ray of G, contrary to the properties of G. Hence V (G) is scattered.
Lemma 4.6. Let G be a connected interval-8nite weakly modular graph containing no concentrated K1;1;ℵ0 and no
isometric rays. Then every concentrated subset of V (G) is 8nitely geo-dominated.
Proof. Let X be a concentrated subset of V (G). By Lemma 3.3 and the fact that G contains no isometric rays, X is
geo-dominated. Assume that it is geo-dominated by in nitely many vertices d0; d1; : : : . By Lemma 4.4 there exists a
family (An)n∈N of pairwise disjoint in nite subsets of X such that dn ∈MG(An) for every n∈N.
(a) Let m∈V (G). We claim that there are a  nite S ⊆V (G − m) and an in nite N ⊆N such that S ∩ IG(m; x) is
non-empty for every vertex x∈⋃n∈N An.
Suppose that this is not true. Then, for all  nite S ⊆V (G−m) and all n∈N where N := {p∈N :m 	= dp and dp 	∈ S}
there exists an in nite Bn⊆An such that S ∩ IG(m; x) = ∅ for every x∈Bn. For each n∈N , because dn geo-dominates
Bn, Lemma 4.3 implies that there is a vertex b∈Bn such that dn ∈ IG(m; b), and thus that {dn}= IG(m; dn) ∩ IG(dn; b). It
follows that S ∩ IG(m; dn) = ∅ for all n∈N .
Because this holds for every vertex m of G, this proves in particular that, for each n∈N, the vertex dn geo-dominates
the set {di : i 	= n}, contrary to Lemma 4.5 and the hypothesis on G.
(b) We will construct sequences m0; m1; : : : ; S0; S1; : : : ; N0; N1; : : : and A0n; A
1
n; : : : for each n∈N such that:
• mi ∈ Si;
• Ni+1 is an in nite subset of Ni;
• Ai+1n is an in nite subset of Ain for each n∈N;
• Si+1 is a  nite subset of V (G − mi) such that Si+1 ∩ IG(mi; x) 	= ∅ for every x∈⋃n∈Ni+1 A
i+1
n .
Let m0 be a vertex of G. Put N0 := N, S0 := V (G) and A0n := An for each n∈N. Suppose that m0; : : : ; mi, S0; : : : ; Si,
N0; : : : ; Ni and A0n; : : : ; A
i




n is an in nite subset
of X , and thus it is concentrated since X is concentrated. Therefore, by (a), there exist a  nite Si+1⊆V (G − mi) and




n. Since Si+1 is  nite there is a
vertex mi+1 ∈ Si+1, an in nite Ni+1⊆N ′i , and for each n∈Ni+1 an in nite Ai+1n ⊆Ain such that mi+1 ∈ IG(mi; x) for every
x∈⋃n∈Ni+1 A
i+1




n for all n 	∈ Ni+1.
(c) By the construction 〈m0; m1; : : :〉 is an isometric ray of G, contrary to the hypothesis on G. Consequently the set X
is  nitely geo-dominated.
We obtain immediately:
Corollary 4.7. Let G be a connected interval-8nite weakly modular graph containing no concentrated K1;1;ℵ0 . Then G
contains no isometric rays if and only if every ray of G is 8nitely geo-dominated.
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5. Fixed *nite subgraph theorems in weakly median graphs
We will now apply the results of the preceding sections to weakly median graphs.
5.1. Fixed Finite Regular Weakly Median Subgraph Property
Lemma 5.1. A weakly median graph containing no in8nite simplices is interval-8nite.
Proof. Let G be a weakly median graph containing no in nite simplices. Suppose that G is not interval- nite. Among all
pairs of vertices of G whose interval is in nite, let x; y∈V (G) be such that dG(x; y) is minimum. Since G contains no
in nite simplices, by Ramsey’s theorem, V (x;G)∩ IG(x; y) contains an in nite independent subset A (i.e., no two elements
of A are adjacent).
Suppose that dG(x; y)=2. Let a; b; c be three elements of A. Then {a; b; c} is a triple of unconnected common neighbors
of x and y, contrary to the fact that G is weakly median.
Now suppose that dG(x; y)¿ 2. Then dG(y; z)¿ 2 for every z ∈A. Let a∈A. By the quadrangle condition, for every
z ∈A− {a} there exists mz ∈NG(a) ∩ NG(b) ∩ BG(y; dG(y; a)− 1). By the same argument as above, mz 	= mz′ for every
pair of distinct elements z and z′ of A−{a}. Since mz ∈ IG(a; y) for every z ∈A−{a}, this implies that IG(a; y) is in nite
whereas dG(a; y) = dG(x; y)− 1, which contradicts the choice of the pair {x; y}.
A graph which contains no K1;1;ℵ0 obviously contains no in nite simplices. The converse also holds for weakly median
graphs.
Lemma 5.2. A weakly median graph contains no K1;1;ℵ0 if and only if it contains no in8nite simplices.
Proof. We only have to prove the su<ciency. Suppose that a weakly median graph G contains a K1;1;ℵ0 whose corre-
sponding partition of its vertex set is {{a}; {b}; X }. Let x, y and z be three di/erent elements of X . Then the induced
subgraph G[{x; y; z}] contains at least two edges, since otherwise {x; y; z} would be a triple of unconnected common
neighbors of a and b, contrary to the fact that G is weakly median. Therefore every element of X is adjacent to all other
elements of X except possibly one of them. This clearly implies that G[X ] contains an in nite simplex.
Corollary 5.3. Let G be a connected weakly median graph containing no in8nite simplices. Then G contains no isometric
rays if and only if every ray of G is 8nitely geo-dominated.
Proof. This is an immediate consequence of Corollary 4.7 and of Lemmas 5.1 and 5.2.
An interesting consequence of Lemmas 4.4, 5.1 and 5.2 is the following result:
Corollary 5.4. Let G be a connected weakly median graph containing no in8nite simplices. Then every convex subset
of V (G) is geodesically closed. Therefore the geodesic topology on V (G) is compatible with the geodesic convexity
on V (G).
Lemma 5.5 (Chepoi [9]). Every interval of a weakly median graph is convex.
We recall that an abstract convex structure (X;C) is JHC (Join-hull commutativity) if, for any convex set C⊆X and
any u∈X , the convex hull of {u} ∪ C equals the union of the convex hull of {u; v} for all v∈C.
Lemma 5.6 (Chepoi [9]). The geodesic convex structure of a weakly median graph is JHC.
Notice that analogous results had already been obtained for pseudo-median graphs by Bandelt and Mulder [2].
Corollary 5.7. The convex hull of any 8nite set of vertices of an interval-8nite weakly median graph is 8nite.
Proof. Let S be a  nite set of vertices of an interval- nite weakly median graph G. The proof will be by induction on
n := |S|. This is trivial if n= 1. Suppose that it holds for some n¿ 1. Let S be such that |S|= n+ 1, and let x∈ S. By
the induction hypothesis A := coG(S − {x}) is  nite. By Lemmas 5.5 and 5.6, coG(S) =⋃y∈A coG(x; y) =
⋃
y∈A IG(x; y).
Then coG(S) is  nite since A is  nite and G is interval- nite.
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For  nite weakly median graphs, Bandelt and Chepoi proved the following result.
Lemma 5.8 (Bandelt and Chepoi [1]). Every self-contraction of a 8nite connected weakly median graph G strictly sta-
bilizes a non-empty 8nite regular weakly median subgraph of G.
They also showed (as independently did Bresar [4]) that a  nite regular weakly median graph is precisely the Cartesian
product of simplices and hyperoctahedra. A result analogous to Lemma 5.8 for  nite pseudo-median graphs had previously
been obtained by Bandelt and Mulder [1, Theorem 12] where they also showed that a  nite regular pseudo-median graph
is precisely the Cartesian product of a hypercube either with a simplex or with a hyperoctahedron. Now we can prove
our  rst main result.
Theorem 5.9. Every self-contraction of a weakly median graph G strictly stabilizes a non-empty 8nite regular weakly
median subgraph of G if and only if G is connected and contains no in8nite simplices and no isometric rays.
Proof. By Proposition 3.1 and Lemma 3.9 we have only to prove the su<ciency. Let f be a self-contraction of G. By
Corollary 5.3 and Theorem 3.6 there exists a non-empty  nite set S of vertices of G which is strictly invariant under f.
Let H be the subgraph of G which is induced by the convex hull of S. By Lemma 5.1 and Corollary 5.7, H is  nite.
Moreover, because V (H) is convex, it follows that H is also a weakly median subgraph of G. Furthermore f strictly
stabilizes H since it strictly stabilizes S. Hence the restriction f′ of f to V (H) is a self-contraction of H . Therefore,
by Lemma 5.8, there exists a non-empty  nite regular weakly median subgraph of H , and thus of G, which is strictly
invariant under f′, hence under f.
5.2. Invariance under families of self-contractions
We will now consider families of contractions. First we recall the following general result.
Lemma 5.10 (Polat [20, Theorem 3.3]). Let G be a connected graph such that the geodesic space V (G) is compact
and scattered. Then there exists a non-empty 8nite set of vertices of G that is strictly invariant under every automor-
phism of G.
For a  nite graph G, let Med(G) be the set of vertices of G such that, x∈Med(G) if ∑y∈V (G) dG(x; y) is minimum.
Note that Med(G) is clearly strictly invariant under all automorphisms of G. A consequence of a more general result of
Bandelt and Chepoi [1] is:
Lemma 5.11. If G is a 8nite weakly median graph, then G[Med(G)] is a regular weakly median subgraph of G.
Lemma 5.12. Let G be an interval-8nite connected weakly median graph. If there exists a non-empty 8nite set of
vertices which is strictly invariant under every automorphism of G, then there exists a non-empty 8nite regular weakly
median subgraph of G which is strictly invariant under every automorphism of G.
Proof. Let S be a non-empty  nite set of vertices which is strictly invariant under every automorphism of G. Then
coG(S), which is  nite by Corollary 5.7, is clearly strictly invariant under all automorphisms of G. Therefore G[coG(S)]
is a  nite isometric weakly median subgraph of G which is strictly invariant under all automorphisms of G. The result
is then a consequence of Lemma 5.11 and the fact that Med(G[coG(S)]) is strictly invariant under all automorphisms of
G[coG(S)] and thus of G.
Theorem 5.13. Let G be a connected weakly median graph. Then there exists a non-empty 8nite regular weakly median
subgraph of G which is strictly invariant under every automorphism of G if G has one of the following property:
(i) G contains no subdivisions of an ℵ0-regular tree and each end of G is dominated.
(ii) G contains no in8nite simplices and no isometric rays.
Proof. Note that, in both cases, G contains no in nite simplices, and thus it is interval- nite by Lemma 5.1.
Condition (ii) implies that the geodesic space V (G) is compact since G contains no isometric rays. Moreover it is
scattered by Lemma 4.5 and the fact that G contains no in nite simplices. Therefore it follows by (i) and Lemma 3.10
or by (ii) and Lemma 5.10 that, in both cases, there exists a non-empty  nite set S of vertices which is strictly invariant
under all automorphisms of G. The result is then a consequence of Lemma 5.12.
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As a particular case of the preceding result we have:
Proposition 5.14. Let n be a positive integer, and let G be an n-connected weakly median graph containing no subdi-
visions of an ℵ0-regular tree and such that there are at most n− 1 pairwise disjoint rays in each end of G. Then there
exists a non-empty 8nite regular weakly median subgraph of G that is strictly invariant under every automorphism
of G.
This is a consequence of Theorem 5.13(i), since, by the proof of Proposition 3.21 of [19], every end of G is dominated.
More particularly we have:
Corollary 5.15. Let n be a positive integer, and let G be an n-connected weakly median graph such that there are at
most n− 1 pairwise disjoint rays in G. Then there exists a non-empty 8nite regular weakly median subgraph of G that
is strictly invariant under every automorphism of G.
For locally  nite weakly median graphs, Theorem 3.16 and Lemma 5.12 give immediately:
Theorem 5.16. Let G be a connected in8nite locally 8nite weakly median graph containing at most countably many
ends. Then there exists a non-empty 8nite regular weakly median subgraph of G which is strictly invariant under every
automorphism of G if G has one of the following property:
(i) G contains at least three ends of maximal order.
(ii) G has exactly two ends of maximal order and the thicknesses of these ends are di?erent.
Lemma 5.17. Let G be a connected interval-8nite weakly median graph, A a non-empty subset of V (G) such that G[A]
is an isometric subgraph of G, and f a self-contraction of G that strictly stabilizes A. Then G[Af] is a weakly median
subgraph of G.
Proof. Note that, by [19, Lemma 3.10(i)], G[Af] is an isometric subgraph of G. First we will prove that it is weakly
modular.
(a) Triangle property: Let x0; x1; x2 be three vertices of G[Af] with 1 = dG(x1; x2)¡dG(x0; x1) = dG(x0; x2)=: r. Since
G is weakly median there exists a common neighbor u of x1 and x2 such that dG(x0; u)= r− 1. Since x0; x1; x2 ∈Af there
exists a positive integer n such that fn(xi) = xi for i = 0; 1; 2. Because G is interval- nite there is a positive integer k
such that fkn(u)∈Af. Moreover fn(u)∈NG(x1) ∩ NG(x2) ∩ BG(x0; r − 1), which proves that G[Af] satis es the triangle
property.
(b) Quadrangle property: The proof is quite similar to the preceding.
(c) G[Af] is weakly median: Let (u0; u1; u2) be a triple of vertices of G[Af] and let (x0; x1; x2) be its unique quasi-median
in G. For 06 i ¡ j6 2 let Pij be a (ui; uj)-geodesic in G such that xi; xj ∈V (Pij). Since u0; u1; u2 ∈Af there exists a
positive integer n such that fn(ui)=ui for i=0; 1; 2. Then fn(Pij) is a (ui; uj)-geodesic which contains fn(xi) and fn(xj).
Therefore (fn(x0); fn(x1); fn(x2)) is a quasi-median of (u0; u1; u2). By the uniqueness of the quasi-median in a weakly
median graph, it follows that fn(xi) = xi for i = 0; 1; 2, and thus that xi ∈Af.
Theorem 5.18. Let G be a connected weakly median graph containing no in8nite simplices and no isometric rays. Then,
for any commuting family F of self-contractions of G, there exists a non-empty 8nite regular weakly median subgraph
of G which is strictly invariant under every element of F.
The proof is analogous to that of Lemma 3.13 followed by that of Theorem 3.14 except for the use of Lemma 5.17
instead of Lemma 3.11 and of Theorem 5.9 instead of Proposition 3.8, and thus by noting that the isometric subgraphs
G[Vf] and G[VF] are also weakly median subgraphs of G, and  nally by using Theorem 5.13 instead of Lemma 3.10.
Because any weakly median subgraph of a pseudo-median graph is clearly pseudo-median, it follows that each theorem
of this section gives an analogous theorem for pseudo-median graphs. Moreover these new results for pseudo-median
graphs improve those that appeared in [20] where very special self-contractions were considered.
Theorems 5.13, 5.9 and 5.18 also generalize other previous results. In particular three analogous results of Tardif [30]
for median graphs, and more generally a results of Chastand and Polat [6] corresponding to Theorem 5.13 and two results
of Chastand [5] corresponding to Theorems 5.9 and 5.18 for quasi-median graphs, that is for weakly median graphs that
do not contain the graph K4 minus an edge as an induced subgraph. We recall that the regular median graphs are the
hypercubes, and that the regular quasi-median graphs are the Hamming graphs (i.e., Cartesian products of simplices).
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6. Fixed *nite simplex theorems
6.1. Fixed Finite Simplex Property
In this section we will study other important weakly modular graphs, namely chordal graphs, bridged graphs and Helly
graphs, which all have the Fixed Finite Simplex Property, that is for which each self-contraction strictly stabilizes a
non-empty  nite simplex. Several results already appeared on this subject. See for example Nowakowski and Rival [13],
BLelanger et al. [3], Quillot [26], Polat and Sabidussi [25], Polat [14,15,18,20,22,23] and SchrNoder [27,28].
From Proposition 3.1 and Lemma 3.9 we obtain immediately:
Proposition 6.1. If every self-contraction of a graph G strictly stabilizes a non-empty 8nite simplex, then this graph is
connected and contains no isometric rays and no in8nite simplices.
We already proved in previous papers that these conditions are also su<cient for some classes of graphs. We will  rst
recall some of these results. In the following we will use a standard terminology hoping that there will be no confusion
between the di/erent notions of “domination”. If x and y are two vertices of a graph G, then x is dominated (resp. strictly
dominated) by y in G if BG(x; 1)⊆BG(y; 1) (resp. BG(x; 1) ⊂ BG(y; 1)). We say that a graph G is strongly dismantlable
if there exists a well-order 6 on V (G) with a greatest element u such that, for every vertex x 	= u, there is a strictly
increasing  nite sequence x=x0 ¡ · · ·¡xn−u where, for 06 i ¡ n, the vertex xi is dominated by xi+1 in the subgraph of
G induced by the set {z ∈V (G) : xi6 z}. Note that a strongly dismantlable graph is connected and contains no isometric
rays [15, Corollary 2.7].
Proposition 6.2 (Polat [15, Theorem 5.3]). Every self-contraction of a strongly dismantlable graph G strictly stabilizes
a non-empty 8nite simplex if and only if G contains no in8nite simplices.
By [15, Theorem 5.3] a connected Helly graph is strongly dismantlable if and only if it contains no isometric rays.
Then Proposition 6.2 implies that:
Proposition 6.3 (Polat [15, Theorems 4.8 and 5.3]). Every self-contraction of a Helly graph G strictly stabilizes a
non-empty 8nite simplex if and only if G is connected and contains no isometric rays and no in8nite simplices.
As we will see (Corollary 6.18) a connected chordal graph which contains no isometric rays and no in nite simplices
is strongly dismantlable. Hence the next proposition which was proved independently of this result also follows from it
and from Proposition 6.2.
Proposition 6.4 (Polat [18, Theorem 4.2]). Every self-contraction of a chordal graph G strictly stabilizes a non-empty
8nite simplex if and only if G is connected and contains no isometric rays and no in8nite simplices.
We do not know if an analogous result holds for bridged graphs, but there are weaker results that we will see. We will
say that a ray R in a graph G is partly bounded if some in nite subset of V (R) is bounded in G. By [22, Theorem 3.3] a
connected bridged graph whose rays are partly bounded and which contains no in nite simplices is strongly dismantlable.
Then as a consequence of Proposition 6.2 we have:
Proposition 6.5 (Polat [22, Theorem 4.4]). Let G be a connected bridged graph which contains no in8nite simplices and
whose rays are all partly bounded. Then every self-contraction of G strictly stabilizes a non-empty 8nite simplex.
It follows in particular that:
Corollary 6.6. Every self-contraction of a bounded bridged graph containing no in8nite simplices strictly stabilizes a
non-empty 8nite simplex.
We recall that, by Soltan and Chepoi [29] and by Farber and Jamison [10], the balls of a bridged graph are convex.
Therefore the convex hull of a  nite set S of vertices (i.e., the smallest convex set containing S) of a bridged graph is
bounded.
Lemma 6.7 (Polat [22, Theorem 4.5]). Any bridged graph containing no in8nite simplices is interval-8nite.
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Lemma 6.8. Let G be an interval-8nite graph, and let S be a 8nite subset of V (G) which is strictly invariant by some
self-contraction f of G. Then there exists a subset A of coG(S) which contains S such that G[A] is an isometric subgraph
of G and which is strictly invariant under f.
Proof. Clearly coG(S)=
⋃
n∈N Sn where S0 := S and Sn+1 :=
⋃
x;y∈Sn IG(x; y). Note that each Sn is  nite because S and all
intervals of G are  nite by hypothesis. We will construct a sequence A0; A1; : : : of subsets of V (G) satisfying the following
conditions:
• S ⊆An⊆ Sn,
• An is strictly invariant under f,
• An⊆An+1,
• dG[An+1](x; y) = dG(x; y) for all x; y∈An.
Let A0 := S. Suppose that A0; : : : ; An have already been constructed for some n¿ 0. Let Bn :=
⋃
x;y∈An IG(x; y).
Then Bn⊆ Sn+1 since An⊆ Sn by the induction hypothesis, and thus Bn is  nite. Let x∈Bn. Then x∈ IG(u; v) for some
u; v∈An. Since, by the induction hypothesis, An is  nite and strictly invariant under f, there exists p¿ 0 such that
fp(u) = u and fp(v) = v. It follows that dG(u; v) = dG(f(u); f(v)), and thus that f(IG(u; v))⊆ IG(f(u); f(v)). Therefore
f(x)∈ IG(f(u); f(v))⊆Bn. Hence f strictly stabilizes Bn which is  nite. Then there is some p¿ 0 such that fp+1(Bn)=




n∈N An is a subset of coG(S) containing S which is strictly invariant under f. Now let x; y∈A. Then
x; y∈An for some non-negative integer n. Therefore dG[A](x; y) = dG[An](x; y) = dG(x; y).
Theorem 6.9. Every self-contraction of a connected bridged graph containing no in8nite simplices and whose rays are
all 8nitely geo-dominated strictly stabilizes a non-empty 8nite simplex.
Proof. Let f be a self-contraction of G. By Theorem 3.6 there exists a non-empty  nite set S of vertices of G which
is strictly invariant under f. By Lemma 6.7 the graph G is interval- nite. Hence, by Lemma 6.8, there exists a subset A
of coG(S) which contains S such that H := G[A] is an isometric subgraph of G and which is strictly invariant under f.
Because A is contained in coG(S) and since the convex hull in a bridged graph of a  nite set is bounded, it follows that
H is bounded. Moreover it is bridged because it is an isometric subgraph of G. Furthermore, since f strictly stabilizes
H , the restriction f′ of f to V (H) is a self-contraction of H . Therefore, by Corollary 6.6, there exists a non-empty  nite
simplex which is strictly invariant under f′, and thus under f.
From Corollary 4.7 and the fact that bridged graphs are particular weakly modular graphs, it follows that each ray of a
bridged graph which contains no concentrated K1;1;ℵ0 and no isometric rays is  nitely geo-dominated. Therefore Theorem
6.9 has the following consequence:
Corollary 6.10. Every self-contraction of a connected bridged graph containing no concentrated K1;1;ℵ0 and no isometric
rays strictly stabilizes a non-empty 8nite simplex.
6.2. Invariance under families of self-contractions
We will now greatly improve the only results we had [22, Theorems 4.4 and 4.7] about common strictly invariant
simplices for families of self-contractions in bridged graphs. First we recall some concepts that we will need.
For a graph G we put
D(G) := {x∈V (G) : x is strictly dominated in G by some y∈V (G)};
and for an ordinal +, we de ne G(+) inductively as follows:
• G(0) := G,
• G(++1) := G(+) − D(G(+)),
• G(+) := ⋂1¡+ G(1) if + is a limit ordinal.
The ordinal d(G) := min{+ :G(+) =G(++1)} is called the depth of G, and the subgraph G(∞) := G(d(G)) the base of G.
Finally, for x∈V (G) the depth of x is d(x) := max{+ : +6d(G) and x∈V (G(+))}.
For every ordinal + the subgraph G(+) is clearly strictly invariant under every automorphism of G. Moreover, if G is
interval- nite, then G(+) is an isometric subgraph of G. Indeed, for all x; y∈V (G(+)), any element of IG(x; y) which is
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strictly dominated, is strictly dominated by another element of IG(x; y). The result is then a simple consequence of the
fact that this set IG(x; y) is  nite.
As a consequence of [22, Lemma 3.10] we obtain:
Lemma 6.11. Let G be a bounded bridged graph containing no in8nite simplices. Then there exists a vertex of G which
is dominated. Moreover, if the diameter of G is at most 2, then D(G) is non-empty.
Theorem 6.12. Let G be a connected bridged graph containing no subdivisions of an ℵ0-regular tree and whose ends
are all dominated. Then there exists a non-empty 8nite simplex which is strictly invariant under every automorphism
of G.
Proof. By Lemma 3.10 there exists a non-empty  nite set S of vertices of G which is strictly invariant under every
automorphism of G. Let H be the subgraph of G which is induced by the convex hull of S. By what precedes H
is bounded and it is bridged because it is an isometric subgraph of G. Moreover H is strictly invariant under every
automorphism of G.
If diam(H) = 1, then H is a simplex, and thus a  nite simplex since G contains no subdivisions of an ℵ0-regular
tree. Therefore we are done. Assume that diam(H)¿ 2. Then, by Lemma 6.11, D(H) 	= ∅. By what precedes, for
every ordinal +¿d(H), the graph H (+) is an isometric subgraph of H , and thus of G, which is strictly invariant under
every automorphism of G. In particular this implies that H (+) is a bounded bridged graph. If H (∞) is non-empty, then
diam(H (∞)) = 1 because this subgraph contains no vertex which is strictly dominated. Therefore it is a simplex and we
are done.
We will then prove that H (∞) is non-empty. Assume that this graph is empty. Let x∈V (H). Then there exists a
sequence x=: x0; x1; : : : of vertices of H such that d(xn)¡d(xn+1) and xn is strictly dominated by xn+1 in H (d(xn)), and
with limn→∞ d(xn)=d(H). Since xn+1 dominates xn, it follows that R= 〈x0; x1; : : :〉 is a ray of H . Hence there is a vertex
y of H which is in nitely linked to V (R) in H because R is not isometric in H as this graph is bounded. Now consider
the sequence y=: y0; y1; : : : of vertices of H such that d(yn)¡d(yn+1) and yn is strictly dominated by yn+1 in H (d(yn)).
Clearly yn is in nitely linked to V (R) in H for each n∈N. The end of H containing the ray R is then dominated by all
vertices yn’s. This implies, by Lemma 3.2, that H , and thus G, contains a subdivision of an in nite simplex, contrary to
the hypothesis. Therefore H (∞) is non-empty and we are done.
As particular cases of Theorem 6.12 we get the analogs of Proposition 5.14 and Corollary 5.15.
Proposition 6.13. Let n be a positive integer, and let G be an n-connected bridged graph containing no subdivisions of
an ℵ0-regular tree and such that there are at most n− 1 pairwise disjoint rays in each end of G. Then there exists a
non-empty 8nite simplex that is strictly invariant under every automorphism of G.
Corollary 6.14. Let n be a positive integer, and let G be an n-connected bridged graph such that there are at most
n − 1 pairwise disjoint rays in G. Then there exists a non-empty 8nite simplex that is strictly invariant under every
automorphism of G.
A similar result is the following consequence of [22, Theorem 4.4]:
Proposition 6.15. Let G be a connected bridged graph containing no in8nite simplices and no induced rays. Then there
exists a non-empty 8nite simplex which is strictly invariant under every automorphism of G.
For chordal graphs, which are particular bridged graphs, the hypothesis in Theorem 6.12 can be weakened as we will
see below.
Lemma 6.16. Let G be a chordal graph containing no in8nite simplices, u a vertex of G and R a ray of G. If u is
in8nitely linked to V (R), then u is adjacent to in8nitely many vertices of R.
Proof. Suppose that u is adjacent to only  nitely many vertices of R. Then, without loss of generality, we can assume
that u is not adjacent to any vertex of R. Put R = 〈x0; x1; : : :〉 and let (Pn)n∈N be an in nite (u; V (R))-linkage such that,
for each non-negative integer n, Pn is an induced (u; xi(n))-path with i(n)¡i(n+ 1). We will denote by yn the neighbor
of u in Pn. Let n¡p. If R[xi(n); xi(p)] denotes the subpath of R joining xi(n) and xi(p), then C := Pn ∪ R[xi(n); xi(p)] ∪ Pp
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is a cycle of G. Since u is not adjacent to any vertex of R by assumption, and since the paths Pn and Pp are induced,
the neighbors yn and yp of u in C must be adjacent because G is chordal. Hence the set {yn : n∈N} induces an in nite
simplex, contrary to the property of G. Therefore u is adjacent to in nitely many vertices of R.
Proposition 6.17. Let G be a chordal graph containing no in8nite simplices. The following assertions are equivalent:
(i) Every end of G is dominated.
(ii) Every ray of G is partly bounded.
(iii) G contains no isometric rays.
Proof. (i) ⇒ (ii): Let R be a ray of G and  the end of G which contains R. By (i),  is dominated by some vertex u.
Hence u is in nitely linked to V (R), and thus, by Lemma 6.16, u is adjacent to in nitely many vertices of R. Consequently
R is partly bounded.
(ii) ⇒ (iii) is obvious.
(iii) ⇒ (i): Let  be an end of G and R∈ . By (iii) R is not an isometric ray of G. It follows by Lemma 3.3 that R
is geo-dominated. Hence  is dominated.
Corollary 6.18. A chordal graph containing no isometric rays and no in8nite simplices is strongly dismantlable.
This is a consequence of [22, Theorem 3.3] and of Proposition 6.17. Due to Proposition 6.17, for chordal graphs
Theorem 6.12 can then be restated as follows:
Corollary 6.19. Let G be a connected chordal graph containing no isometric rays and no subdivisions of an ℵ0-regular
tree. Then there exists a non-empty 8nite simplex which is strictly invariant under every automorphism of G.
Theorem 6.20. Let G be a connected bridged graph containing no isometric rays and no subdivisions of an ℵ0-regular
tree. Then, for any commuting family F of self-contractions of G, there exists a non-empty 8nite simplex which is
strictly invariant under every element of F.
Proof. By Lemma 3.13 there exists an isometric subgraph H of G such that the restriction of every f∈F to V (H) is
an automorphism of H . This subgraph H is then a connected bridged graph containing no subdivisions of an ℵ0-regular
tree and whose ends are all dominated. Therefore, by Theorem 6.12, H contains a non-empty simplex which is strictly
invariant under every element of F.
We complete this section by considering the particular case of weakly median bridged graphs (i.e., bridged graphs
which contain as induced subgraphs no K1;1;3 and no K4 with an extra vertex adjacent to two vertices of this K4). Due
to the facts that a weakly median subgraph of a weakly median graph is an isometric subgraph of this graph, that an
isometric subgraph of a bridged graph is a bridged graph too, and  nally that a  nite regular bridged graph is a simplex,
it follows from Theorems 5.9, 5.13(ii) and 5.18 that:
Theorem 6.21. Let G be a connected weakly median bridged graph containing no in8nite simplices and no isometric
rays. Then:
(i) Every self-contraction of G strictly stabilizes a non-empty 8nite simplex.
(ii) All automorphisms of G have a common 8nite 8xed simplex.
(iii) The members of any commuting family of self-contractions of G have a common 8nite 8xed simplex.
Finally we recall that numerous  xed  nite simplex theorems have already been proved for Helly graphs (see [23] for
a survey of most of these results).
6.3. Open problems
Several questions arise on account of the results of this section.
Question 6.22. Does any connected bridged graph containing no in nite simplices and no isometric rays have the Fixed
Finite Simplex Property?
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In view of the other results of the last two sections, it seems quite natural to expect an a<rmative answer to this
question. By Proposition 6.2 such an answer would be a consequence of an a<rmative answer to the more general
following problem.
Question 6.23. Is any connected bridged graph containing no in nite simplices and no isometric rays strongly dismant-
lable?
By Theorem 6.9, an a<rmative answer to Question 6.22 would also follow from an a<rmative answer to the fourth
question.
Question 6.24. Let G be a connected bridged graph containing no in nite simplices and no isometric rays. Is each ray
of G  nitely geo-dominated?
To study this problem, the following result, which is analogous to a consequence of Lemmas 4.4, 5.1 and 5.2 for
weakly median graphs, would certainly be useful.
Lemma 6.25. Let G be a connected bridged graph containing no in8nite simplices, and let A be an in8nite subset of
V (G). Then:
(i) A vertex m of G geo-dominates A if and only if m∈MG(B) for some in8nite B⊆A.
(ii) MG(A) is a 8nite convex set.
Proof. (i) By Lemma 6.7, G is interval- nite. Then, by Lemma 4.2, we can assume that IG(m; a) ∩ IG(m; b) = {m} for
every pair {a; b} of distinct elements of A. Suppose that m 	∈ MG(B) for every in nite subset B of A. Then, for every
in nite B⊆A, there exist a; b∈B such that a 	= b and m 	∈ IG(a; b). Hence, by Ramsey’s theorem, A contains an in nite
sequence a0; a1; : : : of distinct elements of A such that m 	∈ IG(ai; aj) for every pair {i; j} of distinct non-negative integers.
For every n∈N let Xn := NG(m)∩IG(m; an). Note that each of this set induces a  nite simplex since G is an interval- nite
bridged graph. Moreover, by Lemma 4.1, for every pair {i; j} of distinct non-negative integers, there are at least two
vertices xi ∈Xi and xj ∈Xj which are adjacent. We will construct a strictly increasing sequence i0; i1; : : : of non-negative
integer, a sequence N0; N1; : : : of in nite subsets of N and a sequence x0; x1; : : : of vertices of G such that, for every n:
• in+1 is the smallest element of Nn;
• Nn+1 is an in nite subset of Nn − {in+1};
• xn+1 is an element of Xin+1 which is adjacent to xi for 06 i6 n and such that
⋂
06i6n+1 NG(xi) ∩ Xj 	= ∅ for all
j∈Nn+1.
Put i0 := 0. By the properties of the Xi’s and the fact that X0 is  nite, there exists a vertex x0 ∈X0 and an in nite
N0⊆N such that NG(x0) ∩ Xi 	= ∅ for every i∈N0. Suppose that i0; : : : ; in, N0; : : : ; Nn and x0; : : : ; xn have already been
constructed for some n6 0. Let in+1 be the smallest element of Nn. Let k ∈Nn − {in+1}. We will show that there is a
vertex yk ∈Xin+1 which is adjacent to xi for 06 i6 n and such that NG(yk) ∩
⋂
06i6n NG(xi) ∩ Xk is non-empty.
Let u∈⋂06i6n NG(xi)∩ Xk . If there exists a vertex y∈
⋂
06i6n NG(xi)∩ Xn+1 which is adjacent to u, then we are done
with yk := y. Assume that no vertex in
⋂
06i6n NG(xi) ∩ Xn+1 is adjacent to u. Let y∈
⋂
06i6n NG(xi) ∩ Xn+1. By the
properties of the Xi’s, there are two vertices z ∈Xin+1 and v∈Xk which are adjacent. If z ∈
⋂
06i6n NG(xi), then we are
done with yk := z. Suppose that z 	∈ NG(xi) for some i with 06 i6 n, say i= 0. By the assumption u is not adjacent to
y and to z. Consider the cycle C = 〈x0; y; z; v; u; x0〉 of length 5. Since G is bridged, there exists a vertex of C which is
adjacent to all other vertices of C. By the assumption and the hypothesis this vertex must be v, and thus in particular v
is adjacent to both x0 and y. Now, for every i with 06 i6 n, consider the cycle 〈xi; y; v; u; xi〉 of length 4. Since y and
u are not adjacent, xi and v must be adjacent. Then v is adjacent to y and to xi for all i with 06 i6 n. Then we are
done with yk := y.
Now, since the set Xin+1 is  nite, there exist a vertex xn+1 ∈Xin+1 and an in nite Nn+1⊆Nn−{in+1} such that yk = xn+1
for all k ∈Nn+1.
Finally the set {xn : n∈N} induces an in nite simplex, contrary to the hypothesis. Therefore m∈MG(B) for some
in nite B⊆A.
(ii) This is clear if MG(A) = ∅. Suppose that MG(A) 	= ∅. Then MG(A) is  nite since G is interval- nite.
Let m0 and m1 be two distinct elements of MG(A). Note that, since A is in nite, dG(a; m0)=dG(a; m1) for every a∈A.
For every a∈A let (a′; ma0; ma1) be a quasi-median of (a; m0; m1) with ma0; ma1 ∈ IG(m0; m1). Because A is in nite, there exists
an in nite B⊆A such that ma0=mb0 and ma1=mb1 for all a; b∈B. Since m0; m1 ∈ IG(a; b), it follows in particular that ma0=m0
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and ma1=m1 for every a∈B, i.e., (a′; m0; m1) is a quasi-median of (a; m0; m1). Therefore, because a quasi-median is a metric
triangle, it follows that dG(a; x) = dG(a; m0) = dG(a; m1) for every x∈ IG(m0; m1). This proves that IG(m0; m1)⊆MG(B).
We will now prove that IG(m0; m1)⊆MG(A). Let a∈A − B and b∈B, and let (a′; ma0; ma1) be a quasi-median of
(a; m0; m1) with ma0; m
a
1 ∈ IG(m0; m1). Because IG(M0; m1)⊆MG(B), it follows for i = 0; 1 that:
dG(a; b)6 dG(a; m
a





i ) + dG(mi; b)
6 dG(a; mi) + dG(mi; b) = dG(a; b):
Hence dG(a; mai )= dG(a; mi) for i=0; 1. Therefore m
a
i =mi for i=0; 1. Consequently, because a quasi-median is a metric
triangle, it follows that dG(a; x) = dG(a; m0) = dG(a; m1) for every x∈ IG(m0; m1), which proves that IG(m0; m1)⊆MG(A).
It follows in particular that the induced subgraph G[MG(A)] is connected.
It remains to prove that MG(A) is convex. By [8, Theorem 7] it is su<cient to show that IG(m;m′)⊆MG(A) for every
pair {m;m′} of vertices in MG(A) at distance 2. Let m0 and m1 be two elements of MG(A) such that dG(m0; m1) = 2.
Then, since G is bridged, any two common neighbors of m0 and m1 are adjacent. Let a∈A. Then, since a is equidistant
from m0 and m1, the triplet (a; m0; m1) cannot have a quasi-median of size 1. Hence it has a quasi-median of size 0 or 2.
If (a; m0; m1) has a quasi-median of size 2, then this quasi-median must be of the form (a′; m0; m1). Then, since
(a′; m0; m1) is a metric triangle, it follows that dG(a; x)= dG(a; m0) = dG(a; m1) for every x∈ IG(m0; m1). Therefore, if the
triplet (a; m0; m1) has a quasi-median of size 2 for every a∈A, then IG(m0; m1)⊆MG(A).
Suppose that there exists a vertex a∈A such that the triplet (a; m0; m1) has a median, say x. Then, for all b∈A−{a},
the triplet (b; m0; m1) cannot have a median, because otherwise, if y was such a median, then for i = 0; 1
dG(a; b)6dG(a; x) + dG(b; y) + 1¡dG(a; mi) + dG(mi; b)
contrary to the hypothesis that mi ∈ IG(a; b). Therefore, (b; m0; m1) has a quasi-median of the form (b′; m0; m1). Hence, for
i = 0; 1, dG(b; x) = dG(b; mi) and thus
dG(a; b)6dG(a; x) + dG(b; x)¡dG(a; mi) + dG(mi; b)
contrary to the hypothesis that mi ∈ IG(a; b). Consequently, the triplet (a; m0; m1) has a quasi-median of size 2 for every
a∈A, and we are done.
We conclude with the following immediate consequence of Lemma 6.25(i) which is the equivalent for bridged graphs
of Corollary 5.4.
Corollary 6.26. Let G be a connected bridged graph containing no in8nite simplices. Then every convex subset of V (G)
is geodesically closed. Therefore the geodesic topology on V (G) is compatible with the geodesic convexity on V (G).
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